Abstract: Recent interest in the application of mid-infrared (mid-IR) lasers has made the generation of 3 µm ultrafast pulses a hot topic. Recently, the generation of femtosecond-scale pulses in Er 3+ -doped fluoride fiber lasers has been realized by nonlinear polarization rotation (NPR). However, a numerical study on these fiber lasers has not been reported yet. In this work, the output properties of the NPR passively mode-locked Er 3+ -doped fluoride fiber ring laser in~3 µm have been numerically investigated based on the coupled Ginzburg-Landu equation. The simulation results indicate that stable uniform solitons (0.75 nJ) with the pulse duration of femtosecond-scale can be generated from this fiber laser. This numerical investigation can provide some reference for developing the high energy femtosecond soliton fiber lasers in the mid-IR.
Introduction
Due to the potential applications in the defense, laser microsurgery, mid-infrared spectroscopy, and the pump source for longer wavelength mid-infrared or far-infrared oscillators, ultrafast pulse lasers operating in~3 µm mid-IR wavelength band have been focused on more and more by researchers [1] [2] [3] . To date, Er 3+ -doped fluoride fiber has been considered as a perfect gain media for 3 µm mode-locked fiber lasers due to its broad emission wavelength band (2.71 to 2.88 µm). Moreover, its nonlinear coefficient in~3 µm is far below those of other silica fibers (whose pulse energy is limited to~0.1 nJ by the soliton area thorem [4]) in near-IR, which is beneficial to the production of higher energy soliton pulses from ultrafast fiber lasers [5] .
Generally, ultrafast pulses can be achieved by passive mode-locking techniques. These techniques generally can be classified to two types. The first one is material saturable absorber (SA)-based mode-locking such as semiconductor saturable absorber mirrors (SESAMs) [6] [7] [8] , graphene [9] , and some graphene-like 2D nonlinear materials [10] [11] [12] [13] [14] [15] [16] . Nevertheless, numerous 2D material SAs are limited by the inherent deficiencies such as relatively low damage threshold and short life-time; they are hardly a guarantee of long-term operation especially when the mode-locked lasers are operated at high pulse energy. In addition, the reported pulse durations for the 2D material SAs-based mode-locking in Er 3+ -doped fluoride fiber laser were limited to be picosecond scale due to the low modulation depth
Numerical Model
The schematic diagram of the NPR passively mode-locked Er 3+ -doped fluoride fiber laser based on NPR is shown in Figure 1 , which is the same cavity configuration as is involved in [20, 21] . The ring cavity consists of an Er 3+ -doped fluoride fiber, a quarter-waveplate (QWP), a half-waveplate (HWP), a polarization-dependent isolator (PD-ISO), a dichroic mirror (DM), and two focus lenses. In this cavity, the Er 3+ -doped fluoride fiber is pumped by a 976 nm laser diode. The NPR component, consisting of a quarter-waveplate, a half-waveplate, and a polarization-dependent isolator (PD-ISO), functions as an artificial SA for mode-locking. The PD-ISO also acts as a polarizer and ensures unidirectional transmission in the ring cavity.
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where u and v are the slowly varying amplitude envelopes of the pulses along the two orthogonal polarized axes of the optical fiber, z is the propagation coordinate, T is the time scale to the pulse duration, Δβ=2π/Lb is the wavenumber difference between the two modes, Lb = λ/Δn is the beat length of cavity linear birefringence, γ is the nonlinear coefficient of the fiber, and parameters β2 and We theoretically simulated the laser operation by using a pulse tracing technique. The pulse propagation in the fiber was studied on the basis of the well-known coupled Ginzburg-Landu equation, which can be written as
where u and v are the slowly varying amplitude envelopes of the pulses along the two orthogonal polarized axes of the optical fiber, z is the propagation coordinate, T is the time scale to the pulse duration, ∆β = 2π/L b is the wavenumber difference between the two modes, L b = λ/∆n is the beat length of cavity linear birefringence, γ is the nonlinear coefficient of the fiber, and parameters β 2 and β 3 are the second and third order dispersion coefficients of the fiber, respectively. g is the gain coefficient which can be expressed as
where T 2 = 2π/(ck 2 ∆λ g ), in which ∆λ g is the gain bandwidth. The saturation gain g(E pulse ) can be considered as
where E pulse is the pulse energy, E sat refers to the saturation energy, and g 0 represents the small signal gain coefficient, which is dependent on the properties of the gain fiber and pump power of the laser. The transmission of the laser cavity has a significant impact on the mode-locking process. The light transmission through the laser cavity can be easily calculated by using the Jones matrix method [17] . The transmission T i can be described as
where θ is the angle between the fast axis of the fiber and the axis of the polarizer and φ is the angle between the fast axis of the fiber and the axis of the analyzer. ∆ϕ is the phase difference between the x and y polarization directions of the pulsed laser after passing through the gain fiber and the waveplates, which includes the linear polarization rotation phase bias ϕ wp caused by the waveplates, the linear phase delay (∆ϕ LB ), and nonlinear phase delay (∆ϕ NL ) resulting from the fiber. The expressions of ∆ϕ, ∆ϕ LB and ∆ϕ NL are as follows
where n x − n y represents the linear birefringence, ∆n x and ∆n y are the nonlinear refractive indexes, and (|u| 2 + |v| 2 ) is the light power in the cavity. According to Equations (4)- (7), the transmission of the fiber cavity can be calculated. The relationship between the intensity transmission T i and the total phase delay ∆ϕ is plotted in Figure 2 for θ = 0.125π and φ = 0.625π. Since NPR is equivalent to an artificial saturable absorber and the relationship between ∆ϕ NL and light power is in negative correlation, the T i increases with the light power before saturation, so we must ensure the total phase delay located at the shadow regions so as to guarantee the laser operated in the positive feedback regime.
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Numerical Simulation Results and Discussions
Stable soliton operation can be easily obtained by properly setting the parameters. Figure 3a that the mode-locked pulse is formed gradually as the round trip increase. After the 50th round trip, the pulse is further shaped into an optical soliton with uniform pulse intensity from round to round. Figure 3b is the corresponding spectra of Figure 3a . Figure 3c ,d shows the output pulse and spectrum profile of the NPR mode-locked Er 3+ -doped fluoride fiber laser in the 120th trip, respectively. From Figure 3c one can see that the pulse width and peak power are 610 fs and 1.1 kW, respectively. Obvious Kelly sidebands can be seen in the output spectrum, as depicted in Figure 3d , which means that the output pulses are typical nonlinear Schrödinger (NLS) solitons.
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Stable soliton operation can be easily obtained by properly setting the parameters. Figure 3a that the mode-locked pulse is formed gradually as the round trip increase. After the 50th round trip, the pulse is further shaped into an optical soliton with uniform pulse intensity from round to round. Figure 3b is the corresponding spectra of Figure 3a . Figure 3c ,d shows the output pulse and spectrum profile of the NPR mode-locked Er 3+ -doped fluoride fiber laser in the 120th trip, respectively. From Figure 3c one can see that the pulse width and peak power are 610 fs and 1.1 kW, respectively. Obvious Kelly sidebands can be seen in the output spectrum, as depicted in Figure 3d , which means that the output pulses are typical nonlinear Schrödinger (NLS) solitons. NPR mode-locking requires a long cavity to acquire enough nonlinear phase shift due to the low nonlinearity of Er 3+ -doped fluoride fiber. Thus, the influence of fiber length on the output NPR mode-locking requires a long cavity to acquire enough nonlinear phase shift due to the low nonlinearity of Er 3+ -doped fluoride fiber. Thus, the influence of fiber length on the output characteristics of Er 3+ -doped fluoride fiber laser was investigated firstly. In the simulation, the small Photonics 2019, 6, 25 5 of 7 signal gain was set to 1.0 m −1 . Based on the numerical simulations, it can be found that stable uniform soliton mode-locking can be achieved for the fiber length from 3.5 to 5.0 m. Figure 4 depicts the output pulse width, 3 dB spectral bandwidth, peak power, and pulse energy with respect to the fiber length when the fiber ring laser operated in the stable soliton mode-locking state. From Figure 4a , we can see the pulse width decreases from 1520 fs at the fiber length of 3.5 m to 610 fs at the fiber length of 5.0 m, which indicates that the larger nonlinear effect originating from longer fiber length is beneficial for pulse compression. Correspondingly, with the fiber length increasing from 3.5 m to 5 m, the 3 dB spectral bandwidth increases from 7.1 nm to 17.4 nm with the corresponding time bandwidth products (TBPs) of~0.4 for this fiber length range. The slight excess indicates that the soliton pulses are small chirped. The relationships between the peak power, pulse energy, and fiber length are shown in Figure 4b . The peak power increases from 255 W to 1.1 kW with the increase of the fiber length. Correspondingly, the pulse energy increases from 0.39 nJ to 0.68 nJ, further increasing the fiber length; stable mode-locking will disappear.
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Conclusions
In conclusion, we have numerically investigated the generation of soliton pulses from an Er 3+ -doped fluoride fiber ring laser in mid-IR near 3 µm that passively mode-locked by NPR. In the simulation, the output pulse properties of the fiber laser with various fiber lengths and small signal gains were studied. The simulation results indicate that this fiber laser enables the generation of stable uniform solitons up to 0.75 nJ (peak power of 1.5 kW) with the pulse duration of ~500 fs when the fiber length and small signal gain are set to 5 m and 1.1 m −1 , respectively. Further increasing the small signal gain, periodical intensity fluctuations will appear on the output soliton pulses, and a narrower pulse duration of ~300 fs with higher peak power of ~2.5 kW of the solitons can be achieved.
